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THE INVERSE CONDUCTIVITY PROBLEM






$z_{0}$ \mbox{\boldmath $\pi$}\alpha $(0<\alpha<1)$





11. $f(\cdot)$ $D$ $z\in l\cap D$
(1.1) $f(z)= \lim_{\tauarrow\infty}\frac{e^{-\tau}}{2\pi i}\int_{C}f(\zeta)\frac{e^{\tau(\frac{\zeta-z_{0}}{z-z_{0}})^{1/\alpha}}}{\zeta-z}d\zeta$
$z\in l\cap D$ $f(\cdot)$ $C$
, Cauchy $f(\cdot)$ $\mathrm{C}\mathrm{a}\mathrm{u}\mathrm{C}\mathrm{h}\mathrm{y}- \mathrm{R}\mathrm{i}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{L}\urcorner \mathrm{t}$
, $C$ Cauchy $f(\zeta),$ $\zeta\in C$ ,
Carleman
, Carleman
Typeset by $A_{\vee^{\vee \mathrm{f}}}\mathrm{s}_{-}i\mathbb{E}\mathrm{C}$
1181 2001 38-51 38
12. $z$ $D$
(1.2) $|f(z)| \leq M^{1-(\frac{r}{R}})1/\alpha m\frac{r}{R}1/()\alpha$








(1.2) , $M$ , $f|c\vdasharrow f(z)$
, ,
, 1.1 12 ,
1.1 , 1.1&
Goluzin-Krylov Carleman $([1, \mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{n}\rceil 1.1])$
, Green , –
, Carleman
, $\mathrm{C}\mathrm{a}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{y}-\mathrm{R}\mathrm{i}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}-\backslash \backslash$ Carleman





(1.1) $-\triangle u+Vu=0$ in $\Omega$
? \Omega 2 3 $V=V(x)$
Cauchy








1.1 Schr\"odinger Carleman .
$B$ 3 1 $<1$
$t$
$\Omega=B\cap\{X_{3}>t\}$
\Omega (1.1) $u$ Carleman
[11] , $B$
$u$ $u\in H^{2}(\Omega)$ \Omega ,
Lipschitz , $u|_{\partial\Omega},$ $\frac{\partial u}{\partial\nu}.|\partial\Omega$ (Grisvard [4] ) $\circ$ $\Gamma=$
$\partial B\cap\{x_{3}>t\}$
Problem $u$ r Cauchy , $u$ \Omega
\Omega $y$ $y$ – $x_{3}<y\mathrm{s}$
$D$ $\tau>0$ $x_{3}=y\mathrm{s}$ \tau \rightarrow \infty
,
$e^{\mathcal{T}(x_{3y}}-3)ei\tau x_{1}$
V $V$ $\Omega$ $0$ $D$ \mbox{\boldmath $\chi$}D
(1.2) $-\triangle v+\tilde{V}v=\chi_{D}e^{\mathcal{T}(x_{3}-y\mathrm{s}}e)i\tau x_{1}$ in $\mathbb{R}^{3}$
$v(x)\sim e^{\tau})(x_{3^{-y\mathrm{s}}}\tau x_{1}e^{i}$ as $\tauarrow\infty$
\sim
, $\tauarrow\infty$ $v$ $e^{\mathcal{T}()}3e^{i}x_{3}-y\tau x_{1}$ ,












Laplace Faddeev Green Faddeev Green
$\mathrm{C}\mathrm{a}\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{r}\acute{\mathrm{o}}\mathrm{n}[2]$ (Uhlmann [26] )
(1.3) $-1<\delta<0$
(1.4) $f- arrow\int_{\mathbb{R}^{3}}g_{\tau}(. -y)f(y)dy$
$L^{2}$ $L_{\delta+1}^{2}(\mathbb{R}^{3})\equiv\{f|(1+|x|^{2})^{(\delta+)/2}1f\in L^{2}(\mathbb{R}^{3})\}$ $L_{\delta}^{2}(\mathbb{R}^{3})\equiv$
$\{f|(1+|x|^{2})\delta/2f\in L^{2}(\mathbb{R}^{3})\}$ $O(\tau^{-1})$
, \tau $=1$ (1.4)




Lemma 3.1]) $\tau>>1$ (1.3) $L_{\delta}^{2}(\mathbb{R}^{3})$
2 ( $\mathrm{N}\mathrm{a}\mathrm{c}\mathrm{h}\mathrm{m}\mathrm{a}\mathrm{n}[19]$)
41
1.1. $||w||H^{2}(\Omega)$ \tau \rightarrow \infty \tau
$||w||_{H(\Omega)}2=O(\tau)$
$v$ , $\Omega$ (1.2) (1.1) $u$ \Omega
$\int_{D}e^{\mathcal{T}(\mathrm{s}}eudx\mathrm{a}^{-}y)i\mathcal{T}x_{1}X$
(1.5)
$= \int_{\partial B\cap\{x_{3}}>\iota\}(\frac{}\partial u}{\partial\iota \text{ }v-\frac{}\partial v}{\partial\iota \text{ }u)d\sigma(X)+\int_{B\cap\{=}x_{3}t\}(\frac{\partial u}{\partial\nu}v-\frac{\partial v}{\partial\nu}u)d\sigma(x)$
$D$ D , $y$ $y$ $\partial D$
$y$ $\nu_{1},$ $\nu_{2},$ $\nu_{3}$
$\mathrm{e}_{3}=$ $(0 0 1)^{T}$ , $\nu_{2}$ $\nu_{3}$ ,
$\nu_{1}\cross\nu_{2}$ . e3 $>0$ ,
$\nu_{2}\cross\nu_{3}\cdot \mathrm{e}_{3}>0$ ,
$\nu_{3}\cross\nu_{1}\cdot \mathrm{e}_{3}>0$





$\frac{|(\nu_{1}\mathrm{X}\nu_{3})\cross(\nu 2\cross \mathcal{U}1)|\nu_{1}\cdot \mathrm{e}_{3}}{\{(\nu_{1}\cross\nu 3)\cdot\theta\}\{(\nu 2\cross\nu 1)\cdot\theta\}}$.




12. $C_{D}\neq 0$ H\"older \theta D H\"older \rho
,
$\int_{D}e^{\mathcal{T}(x_{3^{-}y}}e^{i}\rho(\mathrm{s})\tau x_{1}x)dx=C_{D}\frac{e^{i\tau y_{1}}}{\tau^{3}}\{\rho(y)+O(\frac{1}{\tau^{\theta}})\}$ as $\tauarrow\infty$
.
$C_{D}$ , $C_{D}$
$\theta C_{D}=\frac{|(\nu_{13}\cross\nu)\cross(\nu_{2}\mathrm{x}\nu 1)|}{\{(\nu_{1}\cross\nu 3)\cdot\theta\}\{(\nu 2\mathrm{x}\nu_{1})\cdot\theta\}}\nu_{1}$
$+ \frac{|(\nu_{2}\mathrm{X}\mathcal{U}1)\cross(\nu 3\mathrm{X}\nu 2)|}{\{(U_{2}\mathrm{X}\mathcal{U}_{1})\cdot\theta\}\{(\mathcal{U}\mathrm{s}.\cross \mathcal{U}2)\cdot\theta\}}\nu_{2}+\frac{|(\nu_{3}\cross\nu 2)\mathrm{x}(\nu 1\cross\nu 3)|}{\{(\nu_{\mathrm{s}2}\mathrm{X}\nu)\cdot\theta\}\{(\nu_{13}\mathrm{x}\nu)\cdot\theta\}}\nu_{3}$
( ) \nu 1, $\nu_{2},$ $\nu_{3}$ –
, (1.1) $u$ , Carleman
13.
(1.6) $u(y)= \frac{1}{C_{D}}\lim_{\tauarrow\infty}\tau^{3}e^{-iy1}\tau\int_{\partial B\cap\{\mathrm{s}}x>t\}((\frac{\partial u}{\partial\nu}v-\frac{\partial v}{\partial\nu}u)d\sigma x)$
. $B\cap\{t<x_{3}<t+\epsilon\},$ $0<\epsilon<y_{3^{-t}}$ $v$
$||v||_{L^{2}}(B\mathrm{n}\mathrm{t}x_{3}=t\})$ $||\nabla v||_{L^{2}(B}\cap\{x_{3}=t\})$ \tau \rightarrow \infty
, 1.1 $|e^{\mathcal{T}()}\mathrm{s}y3ex\cdot-i\mathcal{T}x1|\leq e^{-\epsilon\tau}$ $x_{3}=t$ $u\in H^{2}(\Omega)$
Sobolev $u$ H\"older , 12 \rho =u
, (1.5) (1.6)
.
Nakamura-Uhlmann [21] (Tolmasky [25]) Laplacian
(1.7) $-\triangle u+A(x)\cdot\nabla u+V(x)u=0$ in $\Omega$
43
exponentially growing solutions (1.7)
Cauchy , (1.6) $v$
Carleman
1.1. ,




12. , Maxwell Carle-
man ,
1.3. r , , – (1.1) Carleman
$\mathrm{Y}\mathrm{a}\mathrm{r}\mathrm{u}\mathrm{m}\mathrm{u}\mathrm{k}\mathrm{h}\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{d}\mathrm{o}\mathrm{v}[27]\sim[30]$
, Laplace








exponentially growing solution –
13 –
, Lipschitz , Fourier
Cauchy-Schwartz $(\partial_{3}+i\partial_{1})^{-1}$
13 – \Omega Schr\"odinger –
–
44
\Omega $\mathbb{R}^{3}$ – $u$ (1.1) $H_{10}^{2}$ $(\Omega)$
14. $U$ \Omega $U$ $u=0$ \Omega
$u=0$
14. - , ,
Cauchy – ( )
1.5. 14 , $\mathrm{N}\mathrm{i}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}[22]$ , Kumano-go
[18]
.
$A=$ { $x\in\Omega|u$ $x$ $0$}
$U\subset A$ $A$ , $\Omega$ ,
$A$ A $\subset A$
, , $x0\in\partial A$ $x_{0}\in\Omega\backslash A$
$d=\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x_{0}, \partial\Omega)(>0)$ $B_{d}(x_{0)}\subset\Omega$ . $x_{0}\in\partial A$ $x’\in B_{d/2}(x\mathrm{o})$
$x’\in A$ x’ x’ $A$ $B’$







B’ , 1 $x”=(0,0,1)$ –








$\Omega\backslash B’\ni y\mapsto\frac{y}{|y|^{2}}\in B’$
\Omega ’ \Omega ’ $\partial B’\subset\partial\Omega’$ \epsilon $>0$ \Omega ’’ $\equiv$
$B’\cap\{x_{3}>1-\epsilon\}\subset\Omega’$ (1.1) $u$ (2.1) $v$ ,
(2.2) ,
$- \triangle v+\frac{1}{|y|^{4}}V(\frac{y}{|y|^{2}})v=0$ in $\Omega$”
$v$
$\partial B’$ $\cap\{x_{3}>1-\epsilon\}$ Cauchy $0$
13 $v$ $B’\cap\{x_{3}>1-\epsilon\}$ $v=0$
$u(x)=0$ $x”\in$.
$A$
, 1.4 , exponentially growing solution
– \Omega \Omega \Gamma
(1.1) Cauchy – 1.4








, , 2 , ,
Cauchy ,
2.1 .
, Nachman $(_{\lfloor}^{\lceil}19$] 2
[20] $)$ ,
,
3 , , (the probe method),
46
(the enclosure method) (the slice method)











, (2) , Siltanen,
S.(Finland) , 2 ,
([17]) , 1
([9], [10]) (










$\Omega$ $D$ , $D$
$\overline{D}\subset\Omega$ $D$ $D$ \Omega
\mbox{\boldmath $\gamma$}
$\gamma(x)=\{$
1, if $x\in\Omega\backslash D$ ,
$k$ , if $x\in D$





$\nabla\cdot\gamma\nabla u=0$ in $\Omega$ ,
$\frac{\partial u}{\partial\nu}=g$ on $\partial\Omega$
$u\in H^{1}(\Omega)$ – $u$ $g$
\Omega $u$ -\Omega H\"older
2 $P,$ $Q$
$\Lambda_{\gamma}(P, Q)$ : $g-u(P)-u(Q)$
$u(P)-u(Q)$ , 2 $P,$ $Q$ $\Lambda_{\gamma}(P, Q)$ ,
2 $P,$ $Q$ Neumann-to-Dirichlet
Inverse Problem 2 $P,$ $Q$ $P,$ $Q$ Neumann-to-
Dirichlet $D$
,









\mbox{\boldmath $\omega$}1 \mbox{\boldmath $\omega$} $\omega^{\perp}=0$ $S^{1}$
$t\in \mathbb{R}$
$e^{-}v=e^{\tau}e\mathcal{T}t(x\cdot\omega-t)i\mathcal{T}x\cdot\omega^{\perp}$
\tau \rightarrow \infty , $|e^{-\tau t}v|$ $x\cdot\omega>t$ $x$
, $x\cdot\omega<t$ $x$
$x\cdot\omega=t$ ” ”e-\tau tv ” ” $t=\infty$ $t=-\infty$
\mbox{\boldmath $\omega$} \Omega
$g= \frac{\partial(e^{-\mathcal{T}t}v)}{\partial\nu}|_{\partial\Omega}$
\Omega , $x\cdot\omega=t$ $D$
$t$ $h_{D}(\omega)$ , $t$ ”
$I_{\mathrm{t}v}(\tau, t)=\{\Lambda_{\gamma}(P, Q)-\Lambda 1(P, Q)\}g$
\tau \rightarrow \infty $g$ $D$
” ”
$\nabla\cdot\gamma\nabla w=-\nabla\cdot(k-1)x_{D}\nabla(e-\mathcal{T}tv)$ in $\Omega$ ,





(3.1) $\{t\in \mathbb{R}|\lim_{\tauarrow\infty}I_{\omega}(\tau, t)=0\}=[h_{D}(\omega),$ $\infty[$
(3.2) $\lim_{\tauarrow\infty}\frac{\log|I_{\omega}(\tau,t)|}{\tau}=h_{D(\omega)-t}$
49
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